. 3> 5 , 7> n , 15> and 23 have each but one form, and the last (23) is the highest odd number that has only one form of roots.
I n th e last p ap er I described th e mode of constructing a square (which, for brevity, I shall call The Square) w hich w ould necessarily be m ade up of three different series ; th e indices in th e m argin and in th e sm all squares were explained, and I m ust refer to th a t p ap er for th e explanations.
I propose in this pap er to show (from that square and a supplemental one) th a t all th e odd num bers possess th e properties th a t I have ascribed to them . The Square also proves th e first theorem of F ermat, viz. th a t every num ber is composed of three trian g u lar num bers or less from th e 2nd theorem (relating to th e squares), w hich I believe has n o t h ith e rto been done.
' _______ __________ I f any one w ill tak e th e trouble to exam ine any odd num ber, he will find th a t it may be divided into four squares (generally in several ways or forms) in some set of four roots o f th e squares com posing th e n u m b e r; two of th e roots w ill be equal, two o f the same, or an o th er set o f four w ill differ by 1 ; two will differ by 2, two by 3, and so on, as far as th e n um ber is larg e enough to have roots of sufficient m agnitude to furnish such dif ferences. T his, of course, cannot be done by one set of roots, except by a few of the low num bers*. I f th e four roots do n o t furnish all th e differences, th en he will discover th a t th ere is an o th er or m ore form s th a t will furnish th e whole of them .
T h e algebraic sum of th e four roots will also, in some or other of the forms, be equal to 1, 3, 5, 7, &c., th a t is, to every odd num ber w ithin th e compass of the given number. T hese properties, w hich m ay b e discovered in any odd num ber, I propose to show belong to all odd num bers.
I t may be well, in order to m ake th is statem ent quite clear, to take an example. 73 is one of th e term s in th e series 1,. 3, 7 ,1 3 , 21, &c., a series increasing by 2, 4, 6, 8, & c .; every term o f th e series has roots of th e form n, n, n, n ± l .
73 is composed of four squares in four different fo rm s; the four sets of roots are
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These forms give the differences of roots set opposite to them ; 12 is the limit, as the roots.
lowest number which can give a difference of 13 is 85 (0, 0, 6, 7). 6.7 have a difference of 13. So with reference to the algebraic sum of the roots:
4, 4, 4, 5 gives 1, 7, 9, and 17 2, 2, 4, 7 gives 1, 3, 7, 11, 15 0, 1, 6, 6 gives 1, 11, 13 1, 2, 2, 8 gives 3, 5, 7, 9, 11, 13.
I t is remarkable th at the sum of the roots being equal to every odd number is imme diately connected with F ermat's first proposition of the triangular num bers; it is also remarkable that the second proposition of the differences of the roots being equal to every number, odd or even, is immediately connected with F ermat's second proposition of every number consisting of four squares or less. The connexion between the sum of the roots and F ermat's first proposition was observed by me in the year 1854, and is mentioned in a paper which the Royal Society did me the honour to publish in the Philosophical Transactions for th at year, vol. cxliv. p. 315, as Theorem C : see also p. 318.
Before I proceed to show the other properties of , I think it right to call attention to the manner in which a change in the roots of the four squares alters the sum of the squares themselves. This subject was touched upon by me in a paper pub lished in the Philosophical Transactions for 1859, vol. cxlix. p. 49, in which it is stated, and a sort of proof (not a satisfactory one) given, th at in some form of division into four squares the roots will be equal, will differ by 1, by 2, by 3, &c.
I propose now to call attention to the effect, or result, of altering the roots so as to increase or decrease the sum of the squares. I f the roots of two of the four squares th at compose any odd number differ by n, and the la and the smaller be decreased by 1, the sum of the squares will be increased by 2n-{-2. Let jp and j p -\ -nb e the roots that differ by n, the sum of their squares will be 2p* + 2pn I f p-1 and {pp-\~n) Jt 1 be squared, the sum of their squares will be
2n-\-2. I f n = 0 the increase is 2, if w = l the increase is 4, if n -2 the increase is 6, and so on, always twice the difference + 2 . There is a similar theorem for reducing the sum of the squares; if and p-\~n become p -\-\ and j p -\ -n-1, th e sum of th e roots will then be dim inished by 2 -2. T he alge braic sum of th e roots is no t altered by this increase of one and decrease of another of them by th e same num ber. A ll these changes rec ip ro c a te ; thus, if a num ber has two roots equal, the num ber which is greater by 2 w ill have two roots differing by 2 ; and , if a num ber has two roots differing by 2, th e num ber w hich is less by 2 w ill have two roots e q u a l; thus, if 13 has two roots differing by 2 as 0, 2, th en 11, w hich is less by 2, will have two roots equal, viz. 1, 1-I f an odd num ber has roots differing by 0, 1, 2, 3, 4, 5, &c., th e four roots of the odd num bers, n e x t in succession, one after another, w ill be discovered till the differences are e x h a u ste d ; and if every num ber has th is property, th e succession will continue through th e whole series o f odd num bers, and every odd num ber will be composed of four squares, and therefore every num ber will be so lik ew ise; for every even num ber is ultim ately the double of an odd num ber, and th e double of four squares is itself composed of foui squares. t . T here is an o th er mode of altering th e roots, substantially th e same, b u t occasionally applicable w hen th e other is not. I t is m entioned as T heorem A in page 313 of the Philosophical T ransactions for 1854; b u t I was no t aware of its full effect, and did not pursue th e subject. _ I f th e difference betw een th e sum of two of th e four roots, and the sum of the other two be n , and each of th e larg er be decreased by and each of th e sm aller e bincreased by n, th e increase in th e sum of th e squares w ill be 2», if n = l th e increase is 2.
T his is a p roper place to m ention a property of th e senes m entioned above, , , , 13 &c. I n a form er paper (see Philosophical Transactions, 1854, page 315) I called th is a g r a d a t i o n series, b u t I was n o t then fam iliar w ith its properties, and did not pursue th e subject as I propose now to do. Every term in th e series has roots of the fo " B> n , n ± l . I f any term , as 13 (w hich is composed of th e squares of th e four 1, 2, 2, 2) be increased by th e m ethods above m entioned, taking care to k e e p th e sum o f th e roots always equal to th e num ber 7 (the sum of th e roots o )' ' w* •th at, from 13 to 21 inclusive, every odd num ber w ill b e c o m p o s e d o f f o u r s q u a r e^t^ sum of whose roots is 7. I n this case th e process cannot be « « too large being o f th e form .8 » + 7 , cannot be composed of of 7, to be one o f th e roots, and four is unavoidable, since 23 therefore, of roots w hich cannot be expressed by less th an four squares. T e on J ' num ber 21 for 23 is 1, 2, 3, 3, and th eir sum is 9. B u t th e sum of to 31 will be 9 ; and from 21 to 31 th e odd num bers can num ber sum shall in every case be 9 ; and this goes two steps beyond 3 1 , and 4 R 2 increases which may belong to the sum of the roots, the number of odd numbers in succession which may be formed increases faster than the interval between the terms of the gradation series. This will appear by an examination of the numbers themselves; but the interval may be filled up more readily in the manner above m entioned; and if any two terms in the gradation series be taken, the odd numbers from the one to the other, both inclusive, may be made up of the squares of roots whose sum shall be the number indicated by the sum of the roots of the first of the two terms. T h u s'3, 3, 3, 4 are the roots whose squares make the num ber 43; and from 43 to 57, which is composed of 3, 4, 4, 4, every odd num ber can be found, the sum of whose roots shall equal 13. Thus From 43 to 57 is but 7 steps; b ut the series of odd numbers consisting of squares whose roots equal 13 goes on 6 steps further. The differences between the roots are marked in order to compare them with those in the next number So From 57 to 73 is 8 sfeps (one m ore th a n th e last); b u t th e series o f odd num bers goes on 10 steps further. T he differences are th e same, b u t are reversed, and this occurs alternately.
A g ain :
Here the next term in the gradation series (91)is reached by 9 steps ; but the series of odd numbers goes on 15 steps further. So m uch for th e series 1, 3 , 7, 13, 21, & c .; b u t has three series_ The ,ther two (when th e first term is 1) are 1, 5, 13, 25, 41, 61 &c and U^I J , 33 ,1 71 &c ; and each of these affords a sim ilar facility of passing from one term to he
•oots being th e same, b u t th e difference of two of them , and any e . wing^halfway6 betw een two of th e first; th u s 2 5 + 8 = 3 3 , and 33 + 8 = 4 1 , which is true th ro u g h o u t both series. The first five terms.have each two roots whose difference is 7 ; the second five terms have each two roots whose difference is 8; and this process may be continued throughout the two series. 51 is the middle term between 41 and 61; 73 is the middle term between 61 and 85; and each of these admits of the same treatm ent as 25, 33, and 41.
I f a Supplemental Square be appended to The , and be constructed on the reverse principle of diminishing towards the left as the other increases towards the right, beginning with precisely the same odd num ber (see Diagram No. 1), it is manifest that a series of numbers may be obtained less than the original number, and which will finally terminate, giving all the numbers from which the odd num ber in the beginning of The Square may proceed, if each be placed in succession in the first position of The Square; for it is clear th at if the given odd num ber be lessened by 4, 8, 12, &c., and each of these numbers be again lessened by 2, 6,10, &c., till the operation can be carried no further, the process which takes place in the formation of The Square itself will be reversed, and therefore if any number so obtained in The Supplemental Square be placed in the first position in The .Square, and 4, 8,12, &c. be added, and then to each of these 2, 6, 10, &c., at length the given odd number will be reached; and in this way it will be seen that the odd number will be found in any position whatever that its magnitude (as a number) would enable it to fill and properly occupy. And now, if all the numbers less than the given number have the properties, which it is alleged belong to all odd numbers, viz. of differences of two roots and sum of all the roots, then the given odd number will be accompanied by numbers less than itself, having such properties that they properly (that is, according to the laws o f The Square) occupy their place in The Square; and it must follow that their composition will indicate what roots the given odd number ought to have in order to comply with the exigencies of the place in The Square that it occupies; for, in respect to any one of the series that compose The , if one term in th e series be correct, th a t is, have the proper sum of two roots, or the proper sum of all th e roots, th en every o th er term in th a t series will also be correct (see last paper) and m ay be derived from th a t term , and it will therefore have all the qualities th a t belong to th e different portions of The Square, and in every one it will be divided into four squares, and th e roots will appear. I t may be said the first does not appear to have two roots equal, or two differing by 1 , b u t (see D iagra is called A , th e second B, th e th ird C, th e fourth D , and the term s in each row are distinguished by 1, 2, 3, 4, and because 25 in A 1 has two roots differing by 1, 29 in A 2 will have two roots differing by 3 ; and because 17 in A 1 has two roots differing by 1, 29 in A 3 w ill have two roots differing by 5 ; and because 5 has two roots differing by 1, 29 in A 4 will have two roots differing by 7. B u t in A 2, 29 (which is derived froin 27 th e sum of whose roots is 1) will have th e sum of its roots 3; and for a similar reason in A 3 it w ill have th e sum of its roots 5 (derived from 23 th e sum of whose roots is 1 in B 2), and in A 4 it will have th e sum of its roots 7.
B u t if th e sum of th e four roots = 2 r c + l and th e difference betw een two of them = 2 w + l , th e o th er two m ust be equal to one another, or they would prevent the sum of th e roots being 2 w + l.
• . A sim ilar mode of reasoning applies to show th a t 29 m ust have two of its roots differing by 1 F o r because 27 has two roots equal, therefore 29 in B 1 (derived from 27) has two-roots differing by 2, and in C l (derived from 21) has two roots differing by 4, and in D 1 (derived from 11) has two roots differing by 6. B u t if any num ber has the sum of its roots equal to 2 n + l and to 2 « + 3 , and two of th e roots differ by 2 » + 2 two m ust differ by 1, or th e sum of all th e roots could no t be both 2 » + l and I propose now to p oint o u t some of the results of w hat has been already stated. T h ere can be no doubt th a t every num ber, odd or even, is composed of four squares or less. A n d w h eth er th is be proved by th e gradation senes, or by th e combination o The Square an d th e Supplem ental Square (if these furnish a proof), or by L ageanges m ethod from th e prim e num bers, or by any other, th e result is th e same, e is tr u e ; and it follows th a t a num ber of th e form 4 « + 2 m ust be compose ° squares or o f two odd squares and one even one, or two odd squares and two even on • ^T t h e first case 4n + 2 = 4a , + 4a + l + 4Jt + 4 6 + l ; deducting 2 from each « * , and dividing by 4, n^+ a + V + b ; th a t is, four trigonal num bers, o f^i c h tw o a re and th e o th er two are equal. In the second case 4 « + 2 = 4 « + 4 ® + 1 + 4 i + + + *J ; b u t a '+ a + c> equals 2 trigonal num bers, therefore » equalsrfounand trigonal num bers, of w hich two are equal. I n th e th ird case n = a + « + * + * + eJ f / a n ! as u' + u + c ' and h>+6+<? are each equal to 2 trigonal numbers, n in every case equal to four trigonal num bers, th a t is, to «s+ « + s + c ^G range's demonstration as I n E uler's ' O puscula Analytica, vol. U. p-> e ® y > clearly no assistto th e square num bers is deduced from principles of such a k nd h at elearly ance can be expected from that to prove the rest of F ermat s theore .
. Quse autem ex ejuamodi principiU eat deducts, ut inde nullum plane suteidlum ad ~% n a demonexpectari possit.
Now the above observation on a number of the form An-\-2 shows that L agrange's method may be used to prove that every number is composed of four trigonal numbers as well as of four squares, and thus is brought into immediate connexion with The , and enables it to divide the first term (whatever odd number it may be) into 4 squares the algebraic sum of whose roots shall be 1, and the consequence of that is, that the 1st term-1 a nujnber composed of 3 trigonal numbers or less , * it may be as well here to insert the proof of this. I f the sum of two of the roots differ from the sum of the other two by 1, the 2 sums of the roots must be of the form 2a-\-\ and 2a, and the four a -p , a + T a -T and smn roots squared will be deducting 1, and dividing by 2, the num ber will be 2a? + a -{-p^+p + q2; 2a?a is a tri gonal number, and p 2+ p-\-gz is an expression for 2 trigonal numbers. Now if first number in The S q u a r e , every number in it will be of the form l-\-2a?-\-which is 4 squares, and expressed by their roots is 1, a, b, b; and the sum of any two terms added together will be an even num ber; and as every possible value of a and b is to be found in The S q u a r e , every even number may be obtained by adding togethe two of the numbers in The Square.
Another result is that, as every num ber is of the form a?-\-a-\-b2-\-<f-\-c-{-d?
, £very even number may be composed of 4 of the terms of the series 0, 2, 4, 8 ,1 2 ,1 8 , 24, &c., the terms of which are alternately 2 b2 and 2 The law of the series is obvious enough; beginning with 0, the differences are 2, 2, 4, 4, 6, 6, . .. 2 n, 2n .It is a convenient mode of using this seri terms in two columns, putting all the 2 b2 in one column as below.
Every even number may be made by some 2 terms of each column, and any 2 squares, if equal, may be increased by 2, 8, 18, 32, &c., that is, by 2 by changing the roots-4«2+ 2 p 2H-2g'2+ 2 « H -2 p 4 -l ;   2  4  8  12  18  24  32  40  50  60  72  84  &c. &c.
n, n into n -1,
71-2 ,
71-3, 3 &c. &c.
In lik e m anner any 2 roots th a t differ by 1 may be increased by 4, 12, 24, 40, &c. (2a?-\-2a) by changing A n o th er conclusion is, th a t if The Square have as th e first num ber in it all the odd num bers in succession w hich are to be found in The Square w hen 1 is th e first num ber, th en every o th er odd num ber w ill be obtained as some one of the num bers thus formed. F o r every such Square will begin w ith a n um ber of th e form of l + 2 a 2+ 2 a + 2 J 2; and in form ing
The Square from th at, 2m2+ 2 m + 2^2 will be added, therefore all th e possible com binations o f 2 a ? + 2 a + 2 b 2 and 2m2+ 2 m + 2 w 2 w ill be found, w ith every value and b, m and n ; th a t is, every odd number w ill be fo u n d . B u t if any odd n u m b er w hatever be m ade th e first num ber in The , and a Sup plem ental Square be form ed, and th e num bers in th e Supplem ental Square be successively p u t in th e first place in The S q u a r e , th e assum ed num ber will be found in s term s a t th e to p , and also in some of those at th e side. A nd th e necessary consequence is, if we are allow ed to notice th e num bers of The Square w hen 1 is th e first num ber, th a t any odd n u m b er is n o t only equal to b u t also to l + 2 a 2+ 2 a + 2 6 2+ 2 c 2+ 2 c , or l + 2 a 2+ 2 a + 2 b 2+ ; th a t is, th e have tw o equal roots, or two roots differing by 1.
I now propose to show in w hat m anner The Square can obtain a division of its first term in to four squares, th e algebraic sum of whose roots = 1 ; th e result of which is th a t th e first term less 1, divided by 2, will be composed of 3 trigonal num bers (see T heorem C in Philosophical Transactions, vol. cxliv. p. 315) .
Every odd n um ber is of th e form 4^+ 1 , or 4^+ 3 . I f it be of th e form 4^+ 3 , then in th e ( 2 r c + l) th term of th e series w hich increases by 2, 4, 6, 8, 10, &c., th e roots will be n,
AlU -\ -3-J-2w-term s of 2, 4, 6, 8, &c.
Increase.
n, n-\-1 into n -1, 2 4 n -2, n -43 12 n -3, w + 4 24 &c.
&c. which, when expressed in roots, is n, n, n, 1. T (being the 2wth term of 1, 3, 5, 7, &c.) . I t will be seen that in each case the sum of the roots exceeds the index of the term by 2 ; it is therefore obvious that if the sum of the roots could be diminished by 2 (without altering the sum of the squares), the sum of the roots would be equal to the index, and the roots of every term in the diagonal would be obtained, with the sum of roots equal to the index of the te rm ; and as the first number in Square is in this diagonal, the roots of the given number would be obtained, whose sum would equal 1.
The difference between the sums of the squares of the roots of any two terms in the gradation series is the sum of the roots of the larger, minus 1. The difference between * the sums of their roots is 2; therefore, if the sum of the roots of the larger, minus 1, can be added to the roots of the smaller, a set of roots will be obtained whose sum will be 2 less than that of the larger, but the sum of their squares will be equal to it. (See Diagram No. 2.) Take the case of 35 as the first term of The Square. In the (% + l)th term of the diagonal, 8, 9, 9, 9 will be the roots of the squares which compose that term. The next term in the gradation series will have the roots 9, 9, 9, 10, but will be two more than the position requires, as will appear from calculation. The difference between 82 + 92 + 92 + 92 and 92 + 92+ 9 2+ 1 0 2 will be 9 + 9 + 9 + 10 -1, that is, 36, but that would be 2 too much. If, therefore, the squares of 8, 9, 9, 9 be increased by 34, the number will be what that place in The Square requires, and the sum of the roots will be 35, which is the index of th at term. Now the squares of the roots 8, 9, 9, 9 may be increased by 34 by adding 12 + 1 8 + 4 , which are three terms in the two columns above m entioned; 12 may be added by changing 8, 9 into 6, 11; and 18 may be added by changing 9, 9 into 6, 12. /The roots then are 6, 11, 6, 12, and to these 4 is to be added. This may be done by 0 4 3 changing l l , 12 into 10, 13, and the result is 6, 6, 10, 13, whose sum is 35, and is therefore equal to the index of the term. To reduce roots whose sum is 35 to roots having the same differences but whose sum will equal 1, deduct 9 from each root, and 9 x 4 will be deducted, and the sum will then be -1, which by changing all the signs will become + 1 . From each of the roots 6, 6, 10, 13 deduct 9, and they will then be -3, -3, 1, 4, and the sum of their squares = 35.
I f 1 be deducted from 35, and the remainder be divided by 2, the quotient (17) will be composed of not exceeding three trigonal numbers.
T here rem ains one other m a tter to be m entioned, viz. a certain rem arkable relation w hich all th e polygonal num bers bear to each other, and which forms a connexion th a t runs th ro u g h th em a l l ; from w hich it would seem to follow th a t a solution of the theorem as to one, w ould be a solution as to all th e rest (except the first).
T his relatio n arises in th e square num bers by a property of th e gradation series, already in p a rt alluded to, viz. as to th e odd num bers, by which the interval between any two term s can be filled up, all th e term s having, as to the odd num bers, the sum of th e roots o f th e squares th a t compose th em equal to th e sum of the roots of the first t e r m ; b u t th e intervals, as to th e even num bers, may be also fill sum of th e roots 1 less th a n th a t of th e roots of th e odd num bers (see the Table in  D iagram No. 3), w hich is th u s c o n stru cted : a term in th e gradation series is assumed (in th is case 7 3 ); its roots are 4, 4, 4, 5, and th e roots of all th e odd num bers between th a t and th e n ex t term are found by th e processes m entioned in th e former part of this paper. T he roots of th e even num bers are obtained by an analogous process, and these are used as bases or roots of th e polygonal num bers, w hich are placed in columns, w ith th e ir sums, as appears in th e T able. See D iagram No. 4 for the mode in which th e polygonal num bers are form ed.
I t w ill be observed th a t th e sum of th e roots or bases is 17, b u t if they be used to form trig o n al num bers, th e increm ent of th e sum of the resulting trigonal numbers, above th e sum of th e roots or bases, is 2 8 ; and so on of th e rest, each successive column increasing by th e same num ber, viz. 28. I f th e roots or bases be , , , w+l.? th a t is, a term in th e gradation series, th e increm ent of th e sums of th e successive columns will be 2 n^n ,a trigonal num ber. A gain, in th e trig onal num bers th e difference betw een th e sums of the first and second term is 0 ; in th e square num bers it is 1, in th e pentagonal num bers 2, in the hex agonal num bers 3, in th e heptagonal num bers 4 ; b u t in all of them the difference betw een th e second and th ird term s is 1, and th is continues throughout. T he difference betw een th e 3rd and 4 th , th e 5 th and 6th, th e 7th and 8th, &c. increases by 1 m each colum n, b u t th e difference betw een th e 2nd and 3rd, th e 4 th and 5th, the 6th and 7th, See.is always 1 in each c o lu m n ; and th e result is, th a t by adding 1 m the pentagons, colum n, by adding 1, or 1, 1 in th e hexagonal, by adding 1, or 1, 1, or 1, 1, 1 m the heptagonal, every num ber, odd or even, can be m ade by not exceeding four square num bers, or five pentagonal num bers, or &c., as clearly appears by the Table. T his corresponds w ith w hat was discovered by Cauchy, published at t e en o L egendre's " T heorie des N om bres," viz. th a t four only of each class of numbers is necessary, th e rest m ay be supplied by 1, repeated as often as necessary. u not om it to say th at, although all th e odd num bers are sufficiently obedient, t ere class of even num bers quite refractory, viz. th e powers of 2. They , pressed in squares, pentagonal num bers, &c., b u t they cannot be brought w ithin rule th a t otherwise prevails. D iagram No. 1.
